We present and discuss different algorithms for converting rectangular imagery into elliptical regions. We will focus primarily on methods that use mathematical mappings with explicit and invertible equations. We will also present different post-processing effects that could be applied to enhance the resulting images and minimize distortion.
Introduction
Most of the world's photographs are rectangular in nature. However, for artistic reasons, one might want to convert them into circular or elliptical images. In this paper, we will follow-up on mathematical work previously done on disc-to-square mappings and extend it to handle ellipses and rectangles. We will not alter the eccentricity of the shapes during the mapping. This means that the aspect ratio of the rectangle's length and width will be the same as the aspect ratio of the ellipse's major and minor axis length.
The main application in mind for this paper is photographic art, but the mathematical mappings discussed can be used in other applications. For example, we have seen the use for similar mappings for diverse applications such as mathematical modelling [Holhos 2017 ], computer graphics, geography [Lambers 2016] , finite element analysis [Shterenlikht 2017] , and plasma physics [Citrin 2017 ].
Organization of this Paper
We will organize this paper into two main parts. The 1 st part will describe algorithms for converting rectangular regions into elliptical regions. These algorithms will be given like a cookbook recipe without any proofs or derivations. The 2 nd part of the paper will focus on the theory behind the mappings and expound on the derivation of its equations.
There are accompanying presentation slides and C++ implementation of this paper available on these websites: http://squircular.blogspot.com Figure 2 : Canonical mapping space from square to disc Before we discuss mapping between the rectangle to the ellipse (and vice versa), we have to first discuss the simpler case of mapping between the square and the circle. The author has written a paper about this titled "Analytical Methods for Squaring the Disc" [Fong 2014 ] which covers this extensively. This paper is a follow-up paper and will require the previous paper as a prerequisite. We shall reuse many of the concepts, equations, and notation from that paper in our exposition here.
Square to Disc Mapping Space
The canonical mapping space between the square and disc is shown in figure 2. It consists of a unit disc centered at the origin with a square circumscribing it. The square is defined as the set = [−1,1] x [−1,1] . In contrast, the unit disc is defined as the set = {( , )| 2 + 2 ≤ 1}. We shall denote (x,y) as the point in the interior of the square and (u,v) as the corresponding point in the interior of the disc after the mapping. We will cover a bevy of square-to-disc mappings in the next few pages. We will then proceed to extend these mappings to work with rectangle-to-ellipse mappings. The key idea to this extension is very simple. Simply remove the eccentricity of the input rectangle and use any of the given square-to-disc mappings to convert it to a circular disc. Afterwards, reintroduce the eccentricity back to get an ellipse. Of course, removing and introducing eccentricity is simply a matter of stretching one axis of the shape by a scale factor.
Rectangle to Ellipse Extension

The Mappings
In the next few pages, we shall present several mappings for converting the circular disc to a square and vice versa. We include pictures of a radial grid inside the disc converted to a square; and a square grid converted to a circular disc. This is followed by forward and inverse equations for the mappings.
The first three mappings have been thoroughly covered and derived in the paper "Analytical Methods for Squaring the Disc" [Fong 2014 ]. We only provide them here for reference since they will be used and expanded upon by subsequent mappings. 
Square to disc mapping: = √ 2 ( + 1 − 2 ) − ( + 1 − 2 )( + 1 − 2 ) 2 2 − ( + 1 − 2 )( + 1 − 2 ) = √ 2 ( + 1 − 2 ) − ( + 1 − 2 )( + 1 − 2 ) 2 2 − ( + 1 − 2 )( + 1 − 2 )
Rectangle to Ellipse Mapping
Given the various square-to-disc mappings, we can extend these to handle rectangles and ellipses. First, let us cover some notation. Let the input rectangular coordinates be (xo,yo) and the output elliptical coordinates be (uo,vo) . Here are the steps to get equations relating (xo,yo) with (uo,vo).
1) Input: rectangular coordinates (xo,yo)
2) Given the rectangular coordinates, remove the eccentricity and squeeze the coordinates into square coordinates (x,y) = =
3) Choose an appropriate square-to-disc mapping from the list previously provided. Denote this mapping as two functions go and ho such that 
Ellipse to Rectangle Mapping
We can now reverse the mapping using a similar approach and notation. Let the input elliptical coordinates be (u1,v1) and the output rectangular coordinates be (x1,y1). Here are the steps to get equations relating (u1,v1) with (x1,y1). 1) Input: elliptical coordinates (u1,v1) 2) Given the elliptical coordinates, remove the eccentricity and squeeze the coordinates into circular coordinates (u,v)
3) Choose an appropriate disc-to-square mapping from the list previously provided. Denote this mapping as two functions g1 and h1 such that = 1 ( , ) = ℎ 1 ( , ) 4) Convert square coordinates into rectangular coordinates by reintroducing the eccentricity back. 1 = = 1 ( 1 , 1 ) 1 = = ℎ 1 ( 1 , 1 ) 5) Output: rectangular coordinates (x1, y1) computed from the equations given above.
These steps are summarized in the diagram provided below. 
Results
We provide elliptification results for several images in Figures 6 & 7. Of course, the simplest way to convert a rectangular image to an elliptical one is by just cropping out the corner regions. For many images, this method can produce decent results. In fact, this method has been used for centuries on many paintings and photographs. However, there are several disadvantages to this approach. First, it loses significant detail near the corners. As a matter of fact, for imagery with plenty of features near the corners, this might not be acceptable. Second, this approach is not reversible. It is impossible to invert the process to get back a rectangular image because regions are entirely cropped out.
We have used each of the extended mappings mentioned in the previous section to convert rectangular imagery into elliptical regions. The mappings produce very similar results near the central regions of the images. It is only towards the corner regions that the differences are more pronounced. Even though this might not be evident for some of the resulting images, each of the mappings provided with this paper are unique. They all have distinct forward and inverse equations.
We would like to mention here that applying our eccentric extension to the Schwarz-Christoffel mapping is technically not equivalent to the mapping developed by Schwarz and Christoffel in the 1860s. Their work only covers mapping the upper half-plane or unit disc to a polygonal region in the complex plane. Their work does not cover the ellipse at all. Therefore, we shall call this eccentric extension of their mapping as the "Stretched Schwarz-Christoffel"
United States flag
The elliptification of flags is a popular form of artistic stylization. In fact, doing an internet search for national flags depicted as ellipses produces many results for different nations. Most of these results just resort to cropping. The U.S. flag is not quite amenable to cropping because it contains much detail near the top left corner. As Figure 6 shows, only 41 of 50 stars in the flag are discernable after cropping. On the other hand, the other mappings in the figure show all 50 stars in the flag. Of course, this comes with a compromise. There are all sorts of size and shape distortions in these mappings. In our opinion, the Tapered2 and the Tapered4 mappings produce the best results for this case.
A Sunday Afternoon on the Island of La Grande Jatte
We believe that the elliptification of paintings is a legitimate and meaningful form of artistic expression. In figure 7, we show different mappings applied to a world-famous painting. Georges Seurat's "A Sunday Afternoon on the Island of La Grande Jatte" is a well-known painting that is considered to be the origin of the Pointillism movement in Neo-Impressionist art. It is a beautiful painting that took Seurat over 2 years to complete.
The painting depicts a busy park along the banks of the river Seine. It is rich with corner to corner details that will simply be lost if cropped. Consequently, this painting as a prime example of a painting that requires more sophisticated methods if converted into an ellipse. The top right image in figure 7 shows much of the detailed richness of painting gone if simple cropped. These include interesting features such as the lady's umbrella, the sail boat, and most of the pipe-smoking man's legs. On the other hand, the other mappings preserve most of these details, albeit with some noticeable distortions.
Part II. Mathematical Details
Review of Concepts and Basic Equations
This paper is the spiritual successor to the paper "Analytical Methods for Squaring the Disc" [Fong 2014 ]. In this section, we will review some important concepts and equations from that paper.
The Fernandez-Guasti squircle [Fernandez-Guasti 1992] is an intermediate shape between the circle and the square. It is a quartic curve with the equation
Linear squircular continuum of the square. This follows from setting s=t in the squircle equation with
In other words, the square and its interior can be represented by this equation
Radial constraint of mappings. All radial disc-to-square mappings satisfy the constraint = Radial mapping linear parametric equation. This is the general form of equation for all linear radial square-to-disc mappings.
The parameter t is some suitable function of x and y with 0 ≤ ≤ 1.
Rampant Functions
There is a family of functions that we consider important in the study of disc-to-square mappings. In fact, they are so important that we decided to give this type of functions a name.
Definition:
We define a rampant function as a monotonic and continuous function f that is valid in the interval [0, 1] that have this properties (0) = 0 (1) = 1
Example: The function ( ) = for n>0 is a rampant function. It is easy to check that 0 = 0 1 = 1 for all n>0. When n≤0, these conditions will no longer hold.
Example: The function ( ) = √2 − 2 is a rampant function. It can be verified that ′ ( ) = − 2( 2 −1) √2− 2 > 0 in the interval [0,1] so f is a monotonic function in that interval. 
A Simpler Variation of the FG-Squircular Mapping
The FG-Squircular mapping [Fong 2014 ] is by no means the only radial mapping between the circular disc and the square that uses the Fernandez-Guasti squircle. In this section, we shall introduce another radial mapping based on the Fernandez-Guasti squircle which has much simpler equations.
1 st recall the radial mapping linear parametric equations for mappings between the circular disc and the square. All radial mappings between the disc and the square have an equation of this form, where the parameter t can be expressed as a suitable function of x and y.
Next, recall our condition for the linear squircular continuum of the square. We start from the squircle equation 2 + 2 − 2 2 2 2 = 2 and set s=t. This gives the square as = {( , ) ∈ ℝ 2 | 2 + 2 − 2 2 = 2 , 0 ≤ ≤ 1}
In other words, we have this basic equation for the FG-squircular mapping:
We can actually use any rampant function f for the squircular continuum of the square where s=f(t This simplifies to
We now solve for the inverse of these mapping equations.
Substitute y into the other equation
We now find a polynomial equation for x in terms of u and v.
This is a biquadratic equation in which we could solve for x 2 using the standard quadratic equation with coefficients: a = v 2 b= -1 and c = u 2 2 = 1 ± √1 − 4 2 2 2 2
We can then get a quadrant-aware expression for x by taking the square root.
Similarly, we get an expression for y as
In summary, we were able to derive another radial mapping based on the Fernandez-Guasti squircle by using simple algebraic manipulations on the squircular continuum of the square. We were also able to find simple inverse equations for the mapping. We shall name this mapping as the 2-Squircular mapping.
Note that this case produces mapping equations that are much simpler than the case s=t. The qualitative results of both mappings are very similar. In fact, it is quite difficult to tell the two mappings apart visually. See the figures from part 1 of this paper to compare and contrast this mapping with the FG-Squircular mapping.
A Quasi-Symmetric Variation of the FG-Squircular Mapping
In the previous section, we derived a mapping by using the assumption s=t 2 . We can take this step further by considering the case when s=t 3 . The squircle equation then reduces to 2 + 2 − 4 2 2 = 2 or equivalently, we have this biquadratic polynomial equation in t:
We can solve for t 2 using the quadratic equation to get 2 = ±√4 4 2 + 4 2 4 + 1 − 1 2 2 2 or = ± √ ±√4 4 2 + 4 2 4 + 1 − 1 2 2 2 = ±√±√1 + 4 2 2 ( 2 + 2 ) − 1
√2
Plugging back into the radial mapping linear parametric equations and accounting for the 4 different quadrants, we get these square-to-disc mapping equations
For the inverse of these mapping equations, we can start by manipulating the u equation √2( 2 + 2 ) = √ −1 + √1 + 4 2 2 ( 2 + 2 ) ⇒ 2 2 2 ( 2 + 2 ) = −1 + √1 + 4 2 2 ( 2 + 2 ) ⇒ (2 2 2 ( 2 + 2 ) + 1) 2 = 1 + 4 2 2 ( 2 + 2 ) ⇒ 4 4 4 ( 2 + 2 ) 2 + 4 2 2 ( 2 + 2 ) + 1 = 4 4 2 + 4 2 4 + 1 ⇒ 4 4 4 ( 4 + 2 2 2 + 4 ) + 4 4 2 2 + 4 4 4 = 4 4 2 + 4 2 4
We can divide the equation by 4y 2 to get 4 4 2 + 2 4 2 4 + 4 6 + 4 2 + 4 2 = 4 + 2 2 Substitute = , to get Collect the terms to get this biquadratic equation in x ( 4 2 + 2 2 4 + 6 ) 4 − ( 2 + 2 ) 2 + 4 + 2 2 = 0 ⇒ 2 ( 2 + 2 ) 2 4 − ( 2 + 2 ) 2 + 2 ( 2 + 2 ) = 0
We can then divide the equation by ( 2 + 2 ) to get this simple biquadratic equation in x 2 ( 2 + 2 ) 4 − 2 + 2 = 0 Thus, we can solve for x 2 using the quadratic equation.
=
1 ± √1 − 4 2 2 ( 2 + 2 ) 2 2 ( 2 + 2 )
Taking the square root of this and accounting for the 4 quadrants, we get this equation in x.
If we compare these inverse equations with the forward equations derived earlier, we can see that the two sets of equations look very similar. In fact, they are almost symmetrical if not for a few changes in sign involved in the addition/subtraction of terms in the numerator. This quasi-symmetrical property of the forward and inverse equations is noteworthy and surprising.
Since this mapping comes from the relationship s=t 3 in the Fernandez-Guasti squircle, we shall denote this mapping as the 3-Squircular mapping. This mapping is also radial.
More Variations of the Radial Squircular Mapping
We can further generalize the result in Section 3.1 by setting s=t n for different exponents n. Not all exponents are amenable to simplification so we have to carefully select those that produce soluble polynomials. Also, we have to restrict ourselves to n>0 for the exponents.
Note that we will only solve for square-to-disc mapping equations in this section. We have deliberately left out the inverse equations because these are particularly gnarly, if at all possible to be written in the form of an explicit equation. For now, we shall relegate the disc-to-square mapping equations as future work.
5.1
The -Squircular Mapping (case s=t 3/2 ) In the case s=t 3/2 , the squircle equation reduces to 2 + 2 − 2 2 = 2 or equivalently, we have this quadratic polynomial equation in t: 2 + 2 2 − 2 − 2 = 0
We can solve for t using the quadratic equation to get = ± 1 2 √ 4 4 +4 2 +4 2 − 1 2 2 2
Thus, the square-to-disc mapping equations are
5.2
The ½-Squircular Mapping (case s=t 1/2 )
In the case s=t 1/2 , the squircle equation reduces to 2 + 2 − 2 2 = 2 or equivalently, we have this depressed cubic polynomial equation in t:
3 − ( 2 + 2 ) + 2 2 = 0
We can solve for t using the cubic formula to get = In the case s=t 4 , the squircle equation reduces to 2 + 2 − 6 2 2 = 2 or equivalently, we have this soluble sextic polynomial equation in t: 2 2 6 + − 2 − 2 = 0
We can solve for t 2 using the cubic formula to get 
Other Soluble Exponents
One can easily from previous section that the mapping equations get very complicated quickly when we solve polynomial equations with higher exponents. Moreover, the Abel-Ruffini theorem states that we cannot get explicit solutions for general polynomials with degree greater than or equal to 5 (i.e. the quintic). In other words, we can only choose exponents for s=t n where the effective polynomial equation derived from the squircular continuum is linear, quadratic, cubic, or quartic. Furthermore, all these complicated mappings probably produce qualitative results not much different from the FG-Squircular mapping or the 2-Squircular mapping. This means that we are getting diminishing returns and hardly any improvement for more complicated formulas. Therefore, we shall not continue examining other exponents and will only list down the different possible exponents that produce soluble polynomials equations in t. The table on the next page shows a list of these soluble exponents along with their polynomial equations. All of these exponents except the last entry can be used to produce explicit square-to-disc mapping equations. where 3 = 2 s=t n 2 + 2 − 2 −2 2 2 = 2 polynomial 2 2 2 −2 + 2 − 2 − 2 = 0
The Tapered2 Squircular Mapping
Recall the squircle equation:
Consider the rampant function = √2 − 2 . We can use this relationship for s and t. Substituting, we get 2 + 2 − ( √2 − 2 ) 2 2 2 2 = 2 ⇒ 2 + 2 − 2 2 2 + 2 2 2 = 2
We can then solve for t in terms of x and y = √ 2 + 2 − 2 2 2 1 − 2 2
We can substitute this t value to the radial mapping linear parametric equations to get these mapping equations
To invert this mapping, we start by squaring the equation for u 2 = ( 2 + 2 − 2 2 2 ) 2 (1 − 2 2 )( 2 + 2 ) ⇒ 2 (1 − 2 2 )( 2 + 2 ) = ( 2 + 2 − 2 2 2 ) 2 ⇒ 2 ( 2 + 2 − 4 2 − 2 4 ) = 4 + 2 2 − 2 4 2 ⇒ 2 2 + 2 2 − 2 4 2 − 2 2 4 = 4 + 2 2 − 2 4 2 Substitute = to get Collect all terms as a polynomial in x 0 = ( 4 + 2 2 − 2 2 ) 4 + ( 2 + 2 ) 2 − 2 ( 2 + 2 ) This is a biquadratic equation in x with coefficients = 4 + 2 2 − 2 2 = 2 + 2 = − 2 ( 2 + 2 )
We can then solve for x 2 2 = − 2 − 2 ± √( 2 + 2 ) 2 + 4 2 ( 2 + 2 )( 4 + 2 2 − 2 2 ) 2 ( 4 + 2 2 − 2 2 ) ⇒ 2 = − 2 − 2 ± √( 2 + 2 )( 2 + 2 − 4 2 2 ( 2 + 2 − 2)) 2 2 ( 2 + 2 − 2)
We can then simplify to get a quadrant-aware equation for x as
Using = , we can solve for y as
We know that this mapping converts circular contours inside the circular disc to squircles inside the square. However, it is important to see what sort of equation comes out of circles after the mapping given the relationship = √2 − 2 for the mapping.
2 + 2 = 2 2 + 2 − 2 2 2 ( 2 + 2 )(1 − 2 2 ) + 2 2 + 2 − 2 2 2 ( 2 + 2 )(1 − 2 2 ) = ( 2 + 2 ) 2 + 2 − 2 2 2 ( 2 + 2 )(1 − 2 2 ) ⇒ + = + − − Thus, from the nonlinear relationship of = √2 − 2 , we get an equation relating (u,v) with (x,y). We will encounter this equation again later, so it is handy to give it a name. We shall call this as the tapered2 squircular continuum.
The Tapered4 Squircular Mapping
Recall the squircle equation: We can then solve for t 2 using the quadratic equation We can then substitute this t value to the radial mapping linear parametric equations to get these mapping equations
To invert this mapping, we start by squaring the equation for u 2 = 1 − √1 − 2 4 2 − 2 2 4 + 3 4 4 ( 2 + 2 ) 2 2 ( 2 + 2 ) = 1 − √1 − 2 4 2 − 2 2 4 + 3 4 4 2 2 ( 2 + 2 ) + 1 = −√1 − 2 4 2 − 2 2 4 + 3 4 4 ( 2 2 ( 2 + 2 ) + 1) 2 = 1 − 2 4 2 − 2 2 4 + 3 4 4 4 4 ( 2 + 2 ) 2 − 2 2 2 ( 2 + 2 ) + 1 = 1 − 2 4 2 − 2 2 4 + 3 4 4 4 4 ( 4 + 2 2 2 + 4 ) − 2 2 2 ( 2 + 2 ) = −2 4 2 − 2 2 4 + 3 Collect terms as a polynomial in x 0 = 2 ( 4 + 2 2 2 + 4 − 3) 4 + 2( 2 + 2 ) 2 − 2 2 ( 2 + 2 ) This is a biquadratic equation in x with coefficients = 2 ( 4 + 2 2 2 + 4 − 3) = 2( 2 + 2 ) = −2 2 ( 2 + 2 )
We can then solve for x 2 2 = −2( 2 + 2 ) ± √4( 2 + 2 ) 2 + 8 2 2 ( 2 + 2 )( 4 + 2 2 2 + 4 − 3)] 2 2 ( 4 + 2 2 2 + 4 − 3) ⇒ 2 = − 2 − 2 ± √( 2 + 2 )[ 2 + 2 + 2 2 2 ( 4 + 2 2 2 + 4 − 3)] 2 ( 4 + 2 2 2 + 4 − 3)
We can then simplify to get a quadrant-aware equation for x as 
A Cursory Review of the Elliptical Grid Mapping
In this section, we shall come up with variations of the Elliptical Grid mapping [Nowell 2005 ] [Fong 2014 ]. Before we do this, let us do a quick cursory review of the Elliptical Grid mapping. There are two main ideas in the derivation of the mapping.
The 1 st idea is to map vertical lines segments inside the square to vertically-oriented elliptical arcs inside the circular disc. This is illustrated in figure 7 where a vertical line and its corresponding elliptical arc are shown in red. The 2 nd main idea of the mapping is to map horizontal lines inside the square to sideways-oriented elliptical arcs inside the circular disc. This is illustrated in figure 8 where a horizontal lines and its corresponding elliptical arc are shown in red. Basically, we are mapping the grid of perpendicular vertical and horizontal lines in the square to a grid of elliptical arcs inside the circular disc. This is illustrated in figure 9 . Note that the ellipses get more and more eccentric as x or y approach zero. Also, the ellipses get more circular as x or y approaches ±1.
Figure 9: Vertical and horizontal grids from the constraints of the mapping
We can then superimpose the vertically-oriented and horizontally-oriented elliptical arcs inside the circular disc together to create a curvilinear grid of elliptical arcs. This is shown in figure 10 . This figure is a visual overview of the how the Elliptical Grid mapping works We can do this by starting with the vertical constraint equation and do some manipulations to isolate u 2 .
A Simple Squelched Version of the Elliptical Grid mapping
Using the same idea of mapping vertical and horizontal lines to elliptical arcs, we can come up with a simpler version of the Elliptical grid mapping. We shall name this variant mapping as the Squelched Grid mapping
Recall the vertical constraint equation given in the previous section. We can actually make this simpler by fixing the top and bottom vertex tip locations of the ellipse at coordinates (0, ±1) to get this constraint equation. And plug it into the horizontal constraint equation
We can then isolate for v to get
Similarly in a symmetric fashion, we can solve for u as = √ − −
Singular points in the Squelched Grid Mapping
By looking at the forward and inverse equations of the Squelched Grid mapping, we can see that it is possibly the simplest disc-square mapping there is when compared to other mappings. Unfortunately, the Squelched Grid mapping has a serious drawback. Strictly speaking, it is not a bijective mapping. There exists 4 singular points on the circular disc and 4 singular points on the square for this mapping. These singular points fall on coordinates (±1,0) and (0, ±1) for the circular disc, and they fall on corner coordinates (±1, ±1) of the square. These singular points will produce a division by zero in the mapping equations.
In essence, the disc-to-square equations map a whole perimeter arc segment in a quadrant of the circular disc to a single corner point on the square. Likewise, the square-to-disc equations map a whole line segment in the perimeter of the square to vertical or horizontal extremum of the circular disc.
Squircularity of the Squelched Grid Mapping
We already know from the paper "Analytical Methods for Squaring the Disc" [Fong 2014 ] that the Elliptical Grid mapping converts circular contours inside the disc to Fernandez-Guasti squircles inside the square. We now pose the same question for the Squelched Grid mapping.
It turns out that the Squelched Grid mapping also does the same. We shall show this here. Start with the expression u 2 +v 2 and substitute using the square-to-disc mapping equations for the Squelched Grid mapping.
2 + 2 = 2 1 − 2 1 − 2 2 + 2 1 − 2 1 − 2 2 = 2 (1 − 2 ) + 2 (1 − 2 ) 1 − 2 2 = 2 + 2 − 2 2 2 1 − 2 2
We have already encountered this equation before in our derivation of the Tapered2 Squircular mapping in Section 6.1. This equation is the tapered2 squircular continuum. This means that just like the Tapered2 mapping, the Squelched Grid mapping converts circular contours inside the disc to Fernandez-Guasti squircles inside the square.
Vertical squelch mapping
The simplified vertical constraint and horizontal constraint equations from the Squelched Grid mapping are actually independent of each other and hence separable. It is quite possible to come up with mappings using the constraint equations independently.
For example, the simplified horizontal constraint equation from the Squelched Grid mapping
can be used in conjunction with the simple relation u=x to produce another square-to-disc mapping, which we shall call the Vertical squelch mapping.
It is quite easy to get the inverse equation.
Furthermore, we can show that this mapping also maps circular contours inside the disc to Fernandez-Guasti squircles inside the square. Using the equations for u and v given above, we show that 2 + 2 = 2 + 2 (1 − 2 ) = 2 + 2 − 2 2 This is just the equation for the linear squircular continuum.
Horizontal squelch mapping
Similarly, the simplified vertical constraint equation
can be used in conjunction with the simple relation v=y to produce another square-to-disc mapping, which we shall call the Horizontal squelch mapping.
It is also easy to get the inverse equation.
Likewise, it is easy to show that this mapping produces the linear squircular continuum.
Generalized Elliptical Grid mapping
We can further generalize the Elliptical Grid mapping by introducing suitable functions B(x) and A(y) into the vertical and horizontal constraint equations. Specifically, we have this generalized vertical constraint equation We proceed to do some manipulations on the generalized vertical constraint equation and isolate u 2 ,
We can then plug this u 2 value into the generalized horizontal constraint equation
Multiply both sides of the equation by A 2 B 2 y 2 to remove the fractions and get 2 2 2 = 2 2 ( 2 − 2 ) + 2 2 2
After which, we can isolate v 2 into one side of the equation 2 2 2 = 2 2 ( 2 − 2 ) + 2 2 2 = 2 2 2 − 2 2 2 + 2 2 2 ⇒ 2 2 2 − 2 2 2 = 2 2 2 − 2 2 2 ⇒ 2 = 2 2 2 − 2 2 2 2 − 2 2 = 2 2 2 − 2 2 Here is a blend parameter that has a value between 0 and 1. When  is zero, the mapping becomes the Squelched Grid mapping. When is one, the mapping becomes the Elliptical Grid mapping. In between, it is a blended average of the two mappings.
It is very easy to derive the square-to-disc mapping equations by using the equations provided in the last part of the previous section and substituting √ + 1 − 2 and √ + 1 − 2 for A & B, respectively to get 
Summary
In this paper, we presented a methodology for generalizing square-to-disc mappings into rectangle-to-ellipse mappings. The key idea for this methodology is to remove the eccentricity first and then reintroduce it back after the square-to-disc mappings are performed. We mostly focused on invertible mappings and derived many variants to the FG-Squircular and Elliptical Grid mappings. We also presented applications for converting rectangular imagery to elliptical ones.
mapping key property offshoot from notes/comments 2-Squircular simple equations
FG-Squircular
Radial mapping which has considerable size distortion near the corners Note that in the interest of brevity, we have not singled-out the degenerate cases that occur when x or y have numerical values of 0 or 1 in the equations given above. These cases will result in unwanted infinities in the equations. For these degenerate cases, simply set u=x and v=y.
3-Squircular
We were unable to find explicit equations for the inverse mapping. This underlies the difficulty of using the Lamé curve in lieu of the Fernandez-Guasti squircle. The Fernandez-Guasti is a quartic curve that involves polynomials with no higher power than 4, whereas the Lamé curve needs an infinite power to express the square. We believe that there is no closed-form expression for the inverse of this Lamé-based mapping.
